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Abstract
We study force-free magnetospheres in the Blandford-Znajek process from rapidly
rotating black holes by adopting the near-horizon geometry of near-extreme Kerr
black holes (near-NHEK). It is shown that the Znajek regularity condition on the
horizon can be directly derived from the resulting stream equation. In terms of the
condition, we split the full stream equation into two separate equations. Approxi-
mate solutions around the rotation axis are derived. They are found to be consistent
with previous solutions obtained in the asymptotic region. The solutions indicate
energy and angular-momentum extraction from the hole.
1 Introduction
Black hole magnetospheres as well as many high-energy astrophysical objects, for in-
stance, relativistic jets in active galactic nuclei and gamma-ray bursts and probably
ultra-strongly magnetized neutron stars (magnetars) involve relativistically magnetically
dominated plasma. Under such circumstances, magnetic fields play crucial roles in the
dynamics of these astrophysical scenarios, which can drive powerful winds/jets from these
astrophysical objects. In addition, the magnetic dissipation can also give rise to remark-
able non-thermal emissions in the these high-energy astrophysical phenomena. It is widely
accepted that, in these objects, the magnetic energy density conspicuously exceeds the
thermal and rest mass energy density of particles. The force-free electrodynamics behave
well in such extreme magnetically dominated scenarios as the less important terms, such
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as the inertia and pressure, are entirely ignored. In the framework of force-free electrody-
namics, Blandford and Znajeck (BZ) [1] proposed that the rotation energy of a kerr black
hole could be extracted via the action of force free electromagnetic fields, in the form of
Poynting flux via magnetic field lines penetrating the central black hole. The tapping of
the rotational energy form spinning black hole via magnetized plasma appears to be the
most astrophysically promising mechanism to exploit the black hole energy. Relativistic
jets in active galactic nuclei, galactic microquasars, and gamma ray bursts may well be
driven by the BZ mechanism.
Exploring solutions in this configuration is crucial for examining the energy extraction
process and checking the efficiency of this mechanism. However, very few analytical
solutions have been obtained so far (a collection of available solutions is summarised in
[2] with modern treatments). In particular, it is hard to derive the solutions in the case
of rapidly rotating holes. A key reason is that little information can be extracted from
the single stream equation, accompanied with a regularity condition on the horizon [3].
In the original work [1], split monopole and paraboloidal solutions for slowly rotating
black holes are obtained with expansion on the angular momentum of the hole to the
leading order. But, this perturbative approach involving higher order corrections seems
unsuccessful in searching for solutions for rapidly rotating back holes [4]. Nevertheless,
a set of exact solutions for arbitrary angular momentum are obtained in the far-field
region by Menon and Dermer (MD solutions) [5, 6], which indeed implies the formation
of collimated outflow or jet [7]. Based on previous solutions, generlised solutions to time-
dependent and non-axisymmetric case are obtained by assuming the four-current to be
along one of the null tetrads [8].
In theoretical physics, extreme and near-extreme black holes attract plenty of attention
in past years, due to the proposal of the AdS/CFT correspondence. For extremely rapidly
rotating black holes, this specific dual description is the Kerr/CFT correspondence [9, 10,
11], constructed on the near-horizon geometry of (near-)extreme Kerr black holes, namely
(near-)NHEK [12, 10]. In this paper, we shall adopt the near-NHEK, replacing the full
Kerr metric, to study the force-free magnetosphere around near-extreme Kerr black holes.
The near-NHEK should be very suitable for seeking for solutions in this system. First, it
has a very simple form with precise symmetries, so that we can simplify the equations and
study them analytically. Second, in the near-horizon region, we can take full advantage of
the constraint condition on the horizon. Hopefully, the solution obtained on near-NHEK
may provide us clues for searching for solutions in the full Kerr background.
Meanwhile, the astrophysical processes, including the BZ process near rapidly rotating
holes, may also provide an arena for testing the Kerr/CFT correspondence. Recently,
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there appear the works [13, 14] along this line, where the authors studied the gravity
waves produced from massive objects orbiting around an (near-)extreme Kerr on (near-
)NHEK in the context of Kerr/CFT. In [15], the dual CFT aspects of the magnetosphere
around slow-rotating balck holes on AdS space has been discussed.
Here, we try to adopt the near-NHEK to explore analytical solutions of force-free
magnetospheres near rapidly rotating holes. The paper is organised as follows. In Section.
2, we present the near-NHEK and the expressions of EM fields on it. In Section. 3, we
give the stream equation of force-free magnetospheres on near-NHEK and then seek for
solutions to the equation. In Section. 4, we show that it is possible to form a outward
flux from the derived solution. A brief summary is made in the last section.
During the proceedings of this work, the works [16, 17] appear, which focus on mag-
netospheres on exact NHEK by taking advantage of the conformal symmetries of the
geometry.
2 EM fields on the near-NHEK
2.1 The near-NHEK
Consider Kerr black holes on the Boyer-Lindquist (BL) coordinates
ds2 =
△
Σ
(dtˆ− a sin2 θdφˆ)2 − Σ△dr
2 − Σdθ2 − sin
2 θ
Σ
((r2 + a2)dφˆ− adtˆ)2, (1)
where
△ = (r − r+)(r − r−), r± = M ±
√
M2 − a2
Σ = r2 + a2 cos2 θ, a =
J
M
.
r± are the radii of the inner and outer horizons, respectively, and J is the angular mo-
mentum of the black hole. The determinant of the metric is
√−gˆ = Σsin θ.
We adopt the following notations and coordinate transformations:
r = r+(1 + δ), δ = λu, tˆ =
2r+t¯
λ
, (2)
φˆ = φ+
t¯
λα
, α =
a
r+
, λǫ =
r+ − r−
r+
= 1− α2. (3)
To get the last equation, we have used the relation: r+r− = a
2. Taking the value of λ to
be very small (this is also the near-extreme case with α → 1 for finite and fixed ǫ), we
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have the near-horizon geometry of (1)
ds2 = 2r2+Γ(θ)
2
[
u(u+ ǫ)dt¯2 − du
2
u(u+ ǫ)
− dθ2 − f(θ)2
(
dφ+
1
2
(ǫ+ 2u)dt¯
)2]
, (4)
where
Γ(θ)2 =
1
2
(1 + cos2 θ), f(θ) =
sin θ
Γ2
. (5)
This near-horizon geometry for each fixed θ can be viewed as a warped AdS3 space with
the SL(2, R)× U(1) isometry group. The geometry has been derived in [10] via different
coordinate redefinitions.
For later use, we further employ the following redefinitions
U = ǫ sinh2
ρ
2
, t¯ =
2t
ǫ
. (6)
The metric simply becomes
ds2 = 2r2+Γ(θ)
2
[
sinh2 ρdt2 − dρ2 − dθ2 − f(θ)2(dφ+ cosh ρdt)2] , (7)
Towards the extreme limit, ρ ranges in 0 ≤ ρ <∞. The event horizon is located at ρ = 0.
The determinant of the metric becomes
√−g = 4r4+Γ2 sin θ sinh ρ. (8)
Around the polar axis θ ∼ 0 and ∼ π, we have
Γ(θ)2 ≃ 1, f(θ) ≃ sin θ. (9)
In this case, the near-NHEK in 0 ≤ ρ ≪ 1 is very similar to the near-horizon geometry
of Schwarzschild black holes (i.e., the Rindler × sphere), except for a transformation
dφ→ dφ+ cosh ρdt.
2.2 EM fields
The null tetrads in the Carter frame on the near-NHEK are derived
lµ =
1√
2r+Γ
(
1
sinh ρ
, 1, 0,− coth ρ
)
, (10)
nµ =
1√
2r+Γ
(
1
sinh ρ
,−1, 0,− coth ρ
)
, (11)
mµ =
1√
2r+Γ
(
0, 0, 1,
i
f
)
. (12)
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The tetrads are related to the electromagnetic (EM) field strength via the scalars
φ1 =
1
2
Fµν(l
µnν + m¯µmν),
φ0 = Fµν l
µmν , φ2 = Fµνm¯
µnν ,
where E1 + iB1 = 2φ1, E2 + iB2 = φ2 − φ0 and E3 + iB3 = i(φ2 + φ0). Hence, the EM
fields near the near-extreme Kerr are given by:
Eρ =
−1
r2+Γ
2 sinh ρ
(Ftρ + cosh ρFρφ), Bρ =
1
r2+Γ
2f
Fθφ, (13)
Eθ =
−1
r2+Γ
2 sinh ρ
(Ftθ + cosh ρFθφ), Bθ =
−1
r2+Γ
2f
Fρφ, (14)
Eφ =
−1
r2+Γ
2f sinh ρ
Ftφ, Bφ =
1
r2+Γ
2
Fρθ. (15)
Some components may be singular on the horizon since the tetrads (10)-(12) are singular
on the horizon in this frame. But if we transform the tetrads into the ones in the ingoing
frame by null rotation, the tetrads can be finite on the horizon.
3 The force-free magnetosphere
In addition to the Maxwell’s equations, the force-free condition is imposed 2
FµνJ
ν = 0. (16)
In the stationary and axisymmetric case, the equations give rise to
dAt
dAφ
= −ω(Aφ(ρ, θ)). (17)
That is, the angular velocity ω of the EM fields is a function of Aφ. Another quantity that
is a function of Aφ is BT . In the original paper [1], it is defined by BˆT =
√−gˆgˆrrgˆθθFrθ =
(△/Σ) sin θFrθ. Since the redefinition of r leads to the relation Frθ = 2Fρθ/(λǫr+ sinh ρ),
we have BˆT = f(θ) sinh ρFρθ/(4r+). Here, following the same definition, BT on the near-
NHEK is
BT =
√−ggρρgθθFρθ = f(θ) sinh ρFρθ. (18)
So we get BˆT = (λǫ/4r+)BT = (dt/dtˆ)BT .
2In the more conventional form, ρeE+ J×B = 0, where ρe and J are charge and current densities.
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Thus, the EM fields can be expressed as
Eρ = − ω¯
r2+Γ
2 sinh ρ
∂ρAφ, Bρ =
1
r2+ sin θ
∂θAφ, (19)
Eθ = − ω¯
r2+Γ
2 sinh ρ
∂θAφ, Bθ =
−1
r2+ sin θ
∂ρAφ, (20)
Eφ = 0, Bφ =
1
r2+Γ
2
Fρθ =
BT
r2+ sin θ sinh ρ
, (21)
where
ω¯ ≡ ω + cosh ρ.
The field components automatically satisfy the degenerate condition E·B = 0. In contrast
to the corresponding components given in [3], the changes on the poloidal EM components
mainly come from the transformations
1− a sin2 θωˆ → Γ2, (r2 + a2)ωˆ − a→ 1
2
r+λǫω¯, (22)
under (tˆ, φˆ) → (t, φ) (in the limit λ → 0). The transformations are direct results of
those of the relevant one-forms: dtˆ − a sin2 θdφˆ → 4r+Γ2dt/λǫ and (r2 + a2)dφˆ − adtˆ →
2r2+(dφ+ cosh ρdt).
Assembling all the equations and conditions, we finally arrive at a stream differential
equation for the toroidal vector potential Aφ. For a general stationary and axisymmetric
metric, the stream equation has been given in [1]. Inserting the near-NHEK metric (7),
we can express the equation as
1
F
∂i
(
ω¯2F 2 − 1
F
∂iAφ
)
− ω¯ω′(∂iAφ)2 = BTB
′
T
f 2
, (23)
where i = (ρ, θ), the primes stand for the derivative with respect to Aφ and
F (ρ, θ) =
f
sinh ρ
. (24)
Denoting x ≡ cosh ρ, we can re-express the equation as
(x2 − 1){f 2[ω¯∂x(ω¯∂xAφ) + ω¯∂xAφ]− ∂x[(x2 − 1)∂xAφ]− f∂θ (f−1∂θAφ)}
+fω¯∂θ(fω¯∂θAφ) = BTB
′
T . (25)
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3.1 Boundary condition on the horizon
The field components (20) and (21) in the Carter frame become finite on the horizon by
null rotating into the ingoing frame. This leads to some constraints on these fields on
horizon. From the constraints, the boundary condition of BˆT on the horizon is derived
by Znajek in [3]:
BˆT (r = r+, θ) =
sin θ[ωˆ(r2+ + a
2)− a]
Σ(r+, θ)
∂θAˆφˆ(r+, θ). (26)
As stated above, the EM field components between two coordinate systems are related
with the transformations (22). Hence, from the same constraints on the EM fields, we
can get the boundary condition of BT on near-NHEK
BT (ρ = 0, θ) = f(θ)(ω + 1)∂θAφ. (27)
Here, we show that this condition can actually be derived directly from the stream
differential equation (25). It is easy to see that, approaching the horizon ρ→ 0 or x→ 1,
both sides in the second line of the equation are identical, if the sum of the terms within
the braces in the first line are not singular. This identification exactly gives rise to the
boundary condition of BT given in Eq. (27). Of course, from the equation, the toroidal
field also admits the condition BT (ρ = 0) = −f(θ)(ω + 1)∂θAφ.
3.2 Separation of the stream equation
In terms of the boundary condition (27), it is natural to guess that the solution of BT
away from the horizon could be of the form:
BT = f(θ)ω¯∂θAφ. (28)
For this solution of BT , the EM field components have the relation
Eθ = −Bφ. (29)
Thus, the two sides of the second line of Eq. (25) are equal and the rest part forms the
following equation
f 2[ω¯∂x(ω¯∂xAφ) + ω¯∂xAφ]− ∂x[(x2 − 1)∂xAφ]− f∂θ
(
f−1∂θAφ
)
= 0. (30)
We only need to consider consistent solutions to this equation, accompanied with restric-
tion conditions given above.
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3.3 Near-axis solutions
Here, we only explore the solutions in the range θ ∈ [0, π/2]. The solutions in the range
θ ∈ [π/2, π] are the same.
From the equation, we can find that it becomes an equation only relying on the variable
θ if ω ∼ x and Aφ ∼ x. So we make the general ansatz as follows
ω = U(θ) + V (θ)x, Aφ = bω
k + c, (31)
where b, c and k are constants.
Let us denote
L2θ ≡ −f−1∂θ
(
f−1∂θ
)
. (32)
Inserting the ansatz (31) into Eq. (30) and comparing the coefficients of x0, x and x2
respectively, we can obtain the following three equations
kV 2 + 2V + (k − 1)f−2V
2
U2
+
L2θU
U
− (k − 1)f−2 (∂θU)
2
U2
= 0, (33)
kV (V + 1) +
1
2
(3V + 2)− f−2 + 1
2
(
L2θU
U
+
L2θV
V
)
− (k − 1)f−2∂θU∂θV
UV
= 0, (34)
k(V + 1)2 + V + 1− (k + 1)f−2 + L
2
θV
V
− (k − 1)f−2 (∂θV )
2
V 2
= 0. (35)
When k = 1 or U = ±V , the three equations degenerate to two: (Eq. (33)+Eq. (35))/2=Eq.
(34). For the special case U = 0, the first two equations become trivial and only the last
equation about V is left.
Generically, the equations are non-linear and are hard to derive full analytical solu-
tions. But it is nice to notice that they can be simultaneously solved near the axis θ ∼ 0
by the solutions
U ≃ p
θ2
, V ≃ q
θ2
, (36)
where p is arbitrary constant and
q2 =
4(k + 1)
k
(k > 0 or k < −1). (37)
To make Aφ non-singular on the axis, we must choose k < −1.
Next, we need to check if BT is a function of ω or Aφ. Inserting the above solutions
into Eq. (28), we get
BT ≃ −2bkωk+1. (38)
So for k < −1, BT is also non-singular on the axis.
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From the solution of Aφ and the relation (29), the scalars on the horizon satisfy
φ0(ρ = 0) = Bφ, φ2(ρ = 0) = 0. (39)
This describes ingoing flux that is not scattered by the black hole [8, 2]. But, away from
the horizon with ρ 6= 0, the imaginary part of φ2 becomes non-vanishing. If BT takes the
form BT = −f(θ)ω¯∂θAφ (which is allowed by the boundary condition on the horizon as
stated in the previous subsection), then the relation in Eq. (29) becomes Eθ = Bφ and so
φ0(ρ = 0) = 0, φ2(ρ = 0) = Bφ, which describes outgoing flux. The two flux modes can
be reversed by the simultaneous interchanges of the coordinates t↔ −t and φ↔ −φ.
3.4 Comparison with the MD solutions
The solutions (31) with (36) are consistent with those obtained under far-field approxi-
mation in [5, 6, 7]. In there, two sets of solutions are derived in the asymptotic region,
where the fields and quantities become radial distance independent. In the original BL
coordinates, one set of the solutions read [7]
Ω− =
1
a sin2 θ
, Hϕ =
2Λ cos θ
a2
1
sin4 θ
, (40)
Eθ = −2Λ cos θ
a2
1
sin5 θ
, Br =
2
√△Λ cos θ
aΣχ
1
sin4 θ
, (41)
where Λ(θ) is an arbitrary function about θ and χ2 = (r2 + a2)2 −△a2 sin2 θ.
For our near-horizon and near-axis solutions, the corresponding quantities are
ω ≃ p+ qx
θ2
, BT ≃ −2bkωk−1 (p+ qx)
2
θ4
, (42)
Eθ ≃ 2bkω
k−1
r2+ sinh ρ
(p+ qx)2
θ5
, Bρ ≃ −2bkω
k−1
r2+
p+ qx
θ4
. (43)
Thus, the θ-dependent parts of the solutions are consistent with the MD solutions (40)
and (41) around θ ∼ 0, if ωk−1 has the same θ dependence as −Λ(θ). As done in [6, 7], the
singular behaviour on the poles can be avoided by some transformations like Λ→ Λ sin5 θ.
In our situation, this corresponds to k = −3/2.
4 Energy and angular-momentum extraction
Now, let us check whether the derived solutions can lead to jet-like outflow formation. As
above, we denote the quantities on the original BL coordinates (1) by a hat. The vector
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potentials in the two coordinate systems are related via
Aˆtˆ =
1
4r+
(λǫAt − 2Aφ) , Aˆφˆ = Aφ. (44)
The relation between the angular velocities is
ωˆ =
(
1 +
1
2
λǫω
)
ΩH , (45)
where ΩH ≡ 1/(2r+). Towards the horizon λ → 0, ωˆ → ΩH as expected. So it seems
that we have done an expansion of ωˆ near the horizon to the order O(λ) in the above
discussion.
As given in Eq. (22), (r2+a2)ωˆ−a→ 2r2+ω¯(dt/dtˆ). In terms of the boundary condition
(26) and the solution (28), we can express the solution of BˆT in the near-horizon region
as:
BˆT (r, θ) =
sin θ[ωˆ(r2 + a2)− a]
Σ(r, θ)
∂θAˆφˆ(r, θ) ≃ BT (ρ, θ)
dt
dtˆ
, (46)
where r is closed to r+.
Let us say that the near-axis solutions obtained in the previous section are valid only
within 0 ≤ θ ≤ θc, with θc representing the critical value where the approximation is
appropriate. Then, the rate of energy extraction within this range is
dEˆ
dtˆ
= −
∫ 2pi
0
dφˆ
∫ θc
0
dθωˆBˆT∂θAˆφˆ ≃ −λǫb2k2Ω2H
([
ω2k+1
]θc
0
2k + 1
+
λǫ
[
ω2(k+1)
]θc
0
4(k + 1)
)
, (47)
which is positive for k < −1 (as well as p, q > 0). Similarly, the rate of angular momentum
extraction is
dLˆ
dtˆ
≃ −λǫb
2k2ΩH
2k + 1
[
ω2k+1
]θc
0
. (48)
It is also positive for k < −1. So there exists outward flux of energy and angular-
momentum from the hole.
5 Conclusions
It is possible that the (near-)NHEK makes a good tool to analytically study the force-free
magnetosphere near rapidly rotating astronomical black holes. By focusing on the near-
horizon region, we showed that the boundary condition on the horizon can be derived
directly from the stream equation on near-NHEK. We got consistent solutions near the
rotation axis which imply the formation of outflow. The angular dependence of the
solutions resembles that of the asymptotic solutions obtained in [5, 6, 7].
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